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The  arguments  leading  to  the  formulation  of  the  Action  Frinciple 
for  a general  field  are  presented.  In  association  with  the  complete  roducticn 
of  all  numerical  matrices  into  symmetrical  and  anti- symmetrical  part3,  the 
general  field  i3  decomposed  into  two  sets,  which  are  identified  with  Bose- 
Einstein  and  Fermi-Dirac  fields.  The  spin  restriction  on  the  two  kinds  of 
fields  is  inferred  from  the  time  reflection  invariance  requirement.  The  con- 
sistency of  the  theory  is  verified  in  terms  of  a criterion  involving  the 
various  generators  of  infinitesimal  transformations.  Following  a discussion 
of  charged  fields,  the  electromagnetic  field  is  introduced  to  satisfy  the 
postulate  of  general  gauge  invariance.  !f  an  aspect  of  the  latter,  it  is 
recognized  that  the.  electromagnetic  field  and  charged  fields  are  not  kine- 
matically independent.  After  a discussion  of  the  field  strength  commutation 
relations,  the  independent  dynamical  variables  of  the  electromagnetic  field 
are  exhibited  in  terms  of  a special  gauge. 
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Tha  general  program  of  this  series^  is  the  construction  of  a 


(1)  Part  I,  fhys . Rev.  82,  914  (1951) 


theory  of  quantized  fields  in  terns  of  a single  fundamental  dynamical  principle. 
We  shall  first  present  a revised  account  of  the  developments  contained  in  the 
initial  paper. 

The  Dynamical  Principle 

The  transformation  functions  connecting  various  representations 
have  the  two  fundamental  properties, 

(xiy'u  (u'lfl 

where  symbolizes  both  integration  and  summation  over  tha  eigenvalue 

spectrum.  If  in  any  infinitesimal  "Iteration  of  tha  transfer*- 


0 


mat! on  function,  wo  may  write 

f (W’ip1)  - A 1^  J 

which  serves  as  the  definition  of  the  infinitesimal  operator  c r 

The  requirement  that  any  infinitesimal  alteration  maintain  the  multiplicative 
composition  law  of  transformation  functions  implies  an  additive  composition 
law  for  the  infinitesimal  operators, 

r *<*'"?*  (2) 

If  the  d and  9 representations  "re  identic*'!,  we  infer  th°t 

fj  ^4  « - O 

which  expresses  tha  fixed  orthc-normality  requirements  on  tha  eigenvectors  of 
a given  representation.  On  identifying  the  cA  and  ^ representations,  we 
learn  that  (j 
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The  second  property  of  transformation  functions  implies  that 

- i (VI  &" ) = - ^(g,|  d /.=(') 

= a &'  i a), 


or 


(j  ' <)  ' 


tho  infinitesimal  operators  are  Harmitian. 

The  cfAA(*  pos 3e s s another  additivity  property  referring  to 
the  composition  of  tuo  dynamically  independent  systems.  Thus,  if  I and  II 
designate  such  systems, 


$'e)  - ) 


and  if 


(f  i^Ali 


and 


are  the  operators  characterizing  infini- 


tesimal changes  of  the  separate  transformation  furctions,  th°t  of  tho  composite 


system  is 


( -fk/4 ,4  - (f  + c f . 


Infinitesimal  alterations  of  eigenvectors  that  preserve  tho  ortho- 
normality  properties  have  the  form 

1 a>* , 

f fh')  -- 

where  the  generator  O,*  is  an  infinitesimal  Hormitian  operator  which  pososses 
an  additivity  property  for  the  composition  of  dynamically  independent  systems. 

If  the  two  eigenvectors  of  a transformation  function  are  varied  independently, 
the  resulting  change  of  the  transformation  function  hns  the  general  structure  (l) 
with  (f  ~ 6,  . 
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Tho  vector 


ino  vocvor  7.  . , * 

^(4<)  + f }'(-<  > = 1 ^ } 

can  bo  characterized  as  an  eigenvector  of  the  operator  set 

* (J--  6*  + * G*  ) ' <4  -cTck 

with  the  eigenvalues  . Here 

f*  . 

This  infinitesimal  unitary  transformation  of  the  eigenvector  ^(*7  induces 
a transformation  of  any  operator  F jjuch  that 

KIFK7  * (*IFI*‘) 


We  write  this 


tha  form  . i*  • fiF  - F)  I*") 

(JCIFI*  )- (*IFH  ' 1 


or,  in  virtue  of  the  infinitesimal  nature  of  the  transformation, 

<f(4’l  F|«T)  - (•‘"WFI*"), 

where  the  left  3ide  rofors  to  the  change  in  the  eigenvectors  for  a fixed  F, 
while  tho  right  3ide  provides  an_equivalent  variation  of  the  opjrator  F,  given 

* <rr- 

If  the  change  consists  in  the  alteration  of  some  parameter  , 

upon  which  the  dynamical  variables  depend,  and  which  may  occur  explicitly  in 


F,  we  have 


f,  F 4f?K 

= F ♦ frF  '*rF 


where 


C fy  F"  is 


the  total  alteration  in  F,  from  which  is  subtracted 


by  f t the  change  in  F associated  with  the  explicit  appearance  of  T*  , 
since  tho  latter  oannot  be  produced  by  an  operator  transformation.  We  thereby 
obtain  the  "equation  of  motion"  with  respect  to  the  parameter  , 
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<fr  r - " LF  • G"-7 


o) 


For  dynamical  systems  obeying  the  postulate  of  local  Action,  com- 
plete descriptions  ere  provided  by  sets  of  physical  quantities,  ^ , 

associated  with  space-lika  surfaces,  <5*  . An  infinitesimal  alteration  of 

the  general  transformation  function  ("£  i is  characterized  by 

(f~ (/!  C? T J ^<5^  ) s i l(fWn  I Sx  ,0£  ) f (i-f) 

Here  the  indices  1 and  2 refer  both  to  the  choice  of  a complete  set  of  com- 
muting operators  f,  and  to  the  space-like  surface  d”  . We  can,  in 
particular,  consider  transformations  between  the  same  set  of  operators  on 
different  surfaces,  or  between  different  sets  of  commuting  operators  on  the 

surface,  In  /(/V/fW-  X (/V  /(/V/  f V J .(5/ 


One  type  of  change  of  tho  general  transformation  function  consists 
in  the  introduction,  independently  on  d'",  and  on  (T y , of  infinitesimal  unitary 
transformations  of  the  operators,  including  displ«cemjrts  cf  these  surfaces. 

Tho  transformations  will  be  generated  by  operators  6 . and  G>t,  constructod 
fra>m  dynamical  varieties  or  d”,  and  , respectively,  and 

(fUs'u  ~ 6,  - G*  ((o ) 

When  the  transformation  function  connects  two  different  sots  of  operators  on 
the  saraa  surface,  which  aro  subjected  to  infinitesimal  transformations  genera- 
ted by  G>  and  respectively,  we  h^ve,  referring  to  (5), 

(7) 

Since  physical  phenomena  at  distinct  points  on  a spaco-like  surface  aro  dynami- 
cally independent,  a generatoi  ^3  .must  have  the  additive  form 

6 f i-dc~  6'a("  = Ldc~" 

where  c i<r  is  the  numerical  measure  of  an  element  of  spnee-like  area  and 
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Go(*  ) i«  to  be  regarded  as  the  time-like  component  or  a vector  in  a 
local  coordinate  system  baaed  on  <T  in  order  to  give  the  aurface  integral 
an  invariant  fora.  If  one  can  interpret  GaM on  <7^  , and  on  (J^  , ns 

the  valuea  of  a vector  defined  at  all  points,  the  difference  of  aurface  into- 
gr"la  in  (6)  can  be  tranaforaed  into  the  volume  integral 

tfUi  2 X>'  ^ ' ( 4*  s ) . 

A second  type  of  tranaformation  function  alteration  is  obtninod 
on  considoring  that  the  tranaformation  connecting  £ , , CT,  , and  §k  &Z , 
can  be  constructed  through  the  intermediary  of  an  infinite  succossion  of  trana 
formations  relating  operators  on  infinitesimally  neighboring  surfaces.  Accord 
ing  to  the  genoral  additivity  property  (2) , 

d U/i  7 j|  cT \J<T+dcr,rr  , 

where  rf~ ,cr  characterizes  a modification  of  the  transformation 

function  connecting  infinitesimally  differing  complete  sits  of  operators  on 
the  infinitesimally  separated  surfaces  C and  C7~  , If  the  choice  of 

intermediate  operators  depends  continuously  upon  the  surface,  we  shall  have 

cf  k/rr,  <r  ~ & ) 

and,  referring  again  to  the  dynamic*1!  independence  of  phenomena  at  points 
separated  by  a space-like  interval,  with  the  consequent  additivity  property, 
we  see  that  </V,  , 7-  will  have  the  general  fora 

(Pk/(r>d<r.<r  ~ (<**  ) c ■ 

Therefore 

fw.* --  - (?) 

The  combination  of  these  two  types  of  modifications  is  described 

by  <jV,x  - &•  , 

which  involves  dynamical  variables  on  the  surfaces  ^7  , C7^  , and  in  the 
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Interior  of  the  volume  bounded  by  these  surfaces.  On  the  other  hand,  we  can 
write  this  ns  the  volume  Integral  _ 

which  indicates,  conversely,  that  any  part  of  c rf(*>  , possessing  the  form 
of  a divergence,  contributes  only  to  the  generation  of  unitary  transf orme tions 
on  & and  , 

The  fundamental  dynamical  principle  is  contained  in  the  postulate 
that  there  exists  a class  of  transformation  function  alterations  for  which 
the  characterizing  operators  are  obtained  by  appropriate  variation 

of  a single  operator  Wt'i  » 

--  <rc*w 

Of  course,  this  principle  must  be  implemented  by  the  explicit  specification  of 
that  class. 

Tho  operator  UA  , the  action  integral  operator,  evidently  pos- 
sess the  form  U//x  ” i crJ'0 ^ ’ 

The  Heraitinn  requirement  on  (f~  W is  satisfied  if  ify-i  is  Hermitian, 

which  implies  the  same  property  for  3i(t)  , the  Lagrange  function  opor«tor. 

In  order  that  relations  between  states  on  G”'i  and  ^x  be  invariantly 

characterized,  the  Lagrange  function  must  be  a scalar  with  respect  to  the 

(2) 

transformations  of  the  orthochronous  Lorentz  group,  which  preserve  the  temporal 
order  of 

(2)  This  name  was  suggested  by  R.  J.  Bhabha,  Rev.  Mod  Phys.  21,  451  (1949) 

and  .A  dynamical  system  is  specified  by  exhibiting  the  Lagrange 

function  in  terms  of  a set  of  fundamental  dynamical  variables  in  the  infini- 
tesimal neighborhood  of  the  point  X . Contained  in  this  Lagrange  function 
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will  be  oertain  numerical  parameters,  which  may  be  functions  of  X . Any 
change  of  these  parameters  modifies  the  structure  of  the  Lagrange  function  find 
is  thus  an  alteration  of  the  dynamical  system.  Accordingly,  infinitesimal 
changes  of  the  dynamical  system  are  described  by 

fWn  = CfAt)  <rA" 

where  » *nd  the  numerical  parameters  are  the  object  of  vari- 

ation. This  form  is  in  agreement  with  (8).  For  a fixed  dynamical  system, 

\a/,x  can  be  altered  by  displacing  the  surfaces  (Tj  , , and 

by  varying  the  dynamical  variables  contained  in  the  Lagrange  function.  The 
transformation  function  ( f ^O",  I * describes  the  relation  between  two  states 
of  the  given  system  so  that  a change  in  the  transformation  function  can  only 
arise  from  alterations  of  the  states  on  and  G""i.  . Hence, 

for  a fixed  dynamical  system  wo  must  have 

cT(a/l  ~ G,  - , 

where  (f'k/n  z <T(V*)  and  the  objects  of  variation  hero  are  0*7  » t 

and  the  dynamical  variables  of  which  <£  is  a function. 

The  latter  statement  is  the  opirator  principle  of  stationary 
action.  It  asserts  that  U//1  must  be  stationary  with  respect  to  vari- 
ations of  the  dynamical  variables  in  the  Interior  of  the  region  defined  by 

(j~x  and  (TZ  , since  (£,  *od  only  contain  dynamical 

variables  associated  with  the  boundaries  of  the  region.  This  principle  implies 
equations  of  motion  for  the  dynamical  variables,  that  is  to  say,  field  equations, 
and  provides  expressions  for  the  generators  (5  i and  * * The  class 

of  variations  to  which  our  postulate  refers  can  now  be  defined  through  the 
requirement  that  this  information  concerning  field  equations  and  infinitesimal 
unitary  transformations  be  self-consistent. 
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There  exists  much  freedom  within  this  class,  as  may  be  inferred 
from  the  remark  that  two  Lagrange  functions,  differing  by  the  divergence  of  a 
vector,  describe  the  same  dynamical  system.  Thus, 


yields 


-£u)~  4- f t*) 


Wu  - Wia_  - (w,  -u/a) 

where,  on  oach  surface, 

w _ 

Accordingly,  the  stationary  action  principle  for  ^ is  s«tisfied  if  it 

is  obeyed  by  U/^  since 

J \V(3t  = &,  - 

Here, 

ci  U/,  = ijr  ~ Or  j\,S  r-  C-*^  — G“ 

define  (jj  and  , which  are  new  generators  of  infinitesimal 

unitary  transformations  on  and  ^ , respectively.  The  latter 

equations  poasoss  the  form  (7)  , and  thus  characterize  transformation  functions 
connecting  two  different  representations  on  a common  surface.  Indeed,  with  a 
suitably  elaborate  notation,  we  recognizo  in  (9)  the  additivity  property  of 


action  operators, 


w; 


4 , ;;  t 

■>i  ’ jj. 


~W  . 


where,  for  example, 


•><  Ji  - 


~t  \\/.  _ -/•  i ' 

V.  ' v>  V'j  i S 


J-  * 


W-;  - - \ >vr 


- j 


tv  ' w 


To  be  consistent  with  the  postulate  of  local  action,  the  field 
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equations  must  be  differential  equations  of  finite  order.  One  can  always 
convert  such  equations  into  systems  of  first  order  equations  by  suitable  ndjuno- 


tion  of  variables.  Ve  shall  designate  the  fundamental 
obey  first  order  field  equations  by  ^ 

ponents  of  the  general  field  operator 
ality,  we  take  to  be  a Hermitian  operator, 


dynamical  variables  that 
, wnich  form  the  com- 
Vith  no  loss  in  gener- 


Y r(\)  ZJ  Yy  (x)  . 


If  the  Lagrange  function  is  to  yield  field  equations  of  the  desired  structure, 
it  must  be  linear  in  the  first  derivatives  of  th3  field  operators  with  rospact 
to  the  space-time  coordinates.  Furthermore,  if  these  field  equations  are  to 
emerge  as  explicit  equations  of  motion  for  field  components,  that  part  of  the 
Lagrange  function  containing  first  coordinate  derivatives  must  be  bi-linear  in 
the  field  components.  With  these  preliminary  remarks,  we  write  the  following 
general  expression  for  the  Lagrange  function, 


.r;4  ' Li  r '/c  Y /.)  -jhf  { S ) , 

in  which  a matrix  notation  is  employed. 


1 > 4.  / - a.  ( >;4_:  4.  /.  . 

The  derivative  terms  have  been  symmotrized  with  respect  to  the  operation  of 
integration  by  parts,  a process  which  adds  a divergence  to  the  Lagrange  function, 
and  is  thus  without  effect  on  the  structure  of  the  dynamical  system.  In  order 
that 


c/ _ 


bo  a Hermitian  operator,  the  general  function  Xj  must  possess 


this  character, 

ji  ( X) ' ■ j/  i l < 

and  the  numerical  matrices  J 

i 

Hermitian, 


i 

u 


■>  ly . 


( < 


-- , i 


in# 


must  be  Skow- 


\ 
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X 


j*  _ 

~ ~ st  ■ JLL-  C ...3 
/ ' V/C  ‘ ' 


Although  we  era  interested  in  complete  dynamical  systems,  it  is 
advantageous  mathematically  to  employ  devices  based  upon  the  properties  of 
external  sources.  Accordingly,  we  add  to  (10)  a term  designed  to  describe 
the  generation  of  the  field  ^ by  «n  external  source  ^ (X  ) , which 

is  to  be  regarded  as  a field  quantity  of  the  spmo  general  nature  as  JC  (a)  , 

,r£.  - j { f ^ c;  j . (V/; 

This  is  a Hermitinn  operator  if  is  a Hermitian  matrix, 

Gt  G. 

For  the  source  concept  to  be  meaningful,  all  components  of  . must  occur 

, ✓ ' 

coupled  with  the  source  compcnonts  in  (11) , which  requires  that  ^3’  be  a 
non-singular  numerical  matrix. 

An  orthochronous  Lorantz  transformation 

*<*•  ~ x.  V G-  , 


r / ■ - / 


^4  ' ° ) 


induces  a linear  transformation  on  the  field  components, 

' > - •:  x -■  a l 

where  L must  be  a real  matrix, 

/ 

i 

to  maintain  the  Hormiticity  of  ' ju  • The  scalar  requirement  on  J 
satisfied  if  ly  is  a scalar, 

.// . L /■)  - H ( l ) , 

and  if 


is 
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Lyiu.L-r^,/^  . ('*) 

We  shall  suppose  that  the  source  peasasBes  the  same  transformation  proporties 
ns  the  fiald.  The  condition  for  the  source  terra  of  the  Lagranga  function  to 
be  a scalar  io  then  given  by 

L43L--&  ■ °S' 

Noto  that  >/  and  also  obey  Eqs.  (12)  and  (13)  respectively , end 

that  these  equations  can  be  combined  into 

in  view  of  the  non-singular  charr.ctjr  of  /-P  . 

For  on  infinitesimal  Lorent2  transformation 


X,.  ' X 


< ^ / ■* 


/,  / a. 


i*. 


< Ul'  ' 


the  n»trix  »1_  can  be  written 


L ~ f — / 1 £ /l,  L, 


(74) 


whoro 


The  infinitesimal  version  of  (13)  is 

- --  es„  tr"  - ' f 


/ « V”  j 


or 


J --  (&s..u)  t 


in  which  the  complex  conjugate  statements  refer  to  the  components  indicated 
in  (15) . Similarly, 

^ Sy*  ' -V,-\  A yU  “ C'<  * '%  \ 
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and 


L e~W^;j  5^7  = it  ^ &X WA)  . 

If  one  views  'X~(t~  t ’■£  4 W®ld  in  the  original  coordinrte  system 

and  thus  subject  to  the  same  dependence  upon  that  coordinate  system  as  jC  , 


it  is  inferred  that 
-/ 


j -•  <T 
L- 


r „ O 
Z4  * rvi<  ^AH 


L^rz 

For  infinitesimal  tmnsforn^ticns,  this  reeds 

/ 1 y , I*  J ~ &/*b<  SI,  — civt,  ~JU  / + 


r 


C 


\ a "i*-  * 

In  performing  the  variation  of  the  action  integral,  we  shall  troat 
the  two  types  of  quantities,  coordinates  and  field  variables,  on  somewhat  the 
same  footing,  although  the  former  are  numbors  end  the  latter  operators.  Ve 
introduce  an  arbitrary  variation  of  the  coordinates,  A /■  t , throughout 

the  interior  of  the  region,  but  subject  to  tho  condition  that  the  boundaries 


remain  plane  surfaces, 


0?) 


°ju.  o'  y x +-  o ^ o Xyc  — L j 

on  ^ and  . Tho  field  components  ?Cr(y)  ara  dependant  both 

upon  the  coordinate  system  and  the  "intrinsic  field".  Under  a rotation  of 
the  coordinate  system,  tho  field  components  aro  altered  in  the  manner  described 
by  (14).  Accordingly,  we  write  the  general  variation  of  the  field  ns  tho  sum 
of  an  intrinsic  field  variation,  and  of  the  variation  induced  by  tho  local 
rotation  of  the  coordinate  system, 

dU)  = J Z - Li;  ( 4-  « X*  ) £ ,,  z , 

r 

where  tho  anti-symmetry  of  ensures  that  only  tha  rotation  part  of  the 

coordinate  displacement  is  effoctive.  For  the  source  field,  a prescribed 
function  of  the  coordinates,  we  have 

S(  f)  J*.~  -)/,  f . Os) 


12. 


We  also  remark  that 


S ( d * ) ~ (d  X)  X, 


whence 


r - (j*  <T/V)<^  , 

<T  'A)  = ^ cJ^.j  _ r <1  d^vi  A 2 . 


O AJ  - ^ c)(/C.;  - ( ^u.  d t-u)  ^ . (i9) 

The  Lorents  invariance  of  £ produces  a significant  siraplifica- 
tion,  in  computing  the  contribution  to  £ {Jt  ) from  the  coordinate  induced 


variation  of  X'  . Thus,  if  c)  c*A. 


were  anti-symmetrical  and  constant, 


its  coefficient  in  the  variation  of  the  Lagrange  function  would  vanish  iden- 
tically, save  for  the  source  term  since  the  rotation  induced  change  of  is 

not  present  in  (18) . Accordingly,  for  the  general  coordinate  variation  of 
(1C),  there  remains  only  those  terms  in  which  dX^  is  differentiated, 
or  occurs  in  the  dilation  combination,  ^ y-  c)^  . Both 

types  are  contained  entirely  in  (19) , which  leads  to 

iH)  = r.t  - j-  ( ^ (ty.  d/-  llyl/f 


- ‘ i (d<U*A){;  + £ 4-J  l 

- lk( dcxv)( f es ,Mt, x - xs*  e$). 


In  virtue  of  the  symmetry  of  the  second  derivative, 


- (JM u„  hA  + 4>  ))  'y.(\s/u.)c  + si \ ,4 )z 

-US**  1-^djcj^c.y-rts^,  *s^xJQ 
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* ' ?•  s^*  *s?v rsx.  '.--> 


* 

1 

I 


g 

9 


^Ajare  the  Inst  step  expresses  the  result  of  «n  Integration  by  parts,  for 
which  the  integrated  tons  vanishes,  since  the  dilution  tensor  is  sero  on 
the  boundaries  (Eq.  (17)).  Collecting  the  coefficients  of  cf A ^ 

■m  ■ «n 

into  the  ton 30 r u wo  h^vo 


i(w>* ) r £‘  , -,y r)  £v  J 

•2 

~Jj:  c)yu.  Uu  v y f^T,,  ci>J7 

' ~v 


wh?re 


- ir( c)v,  7 - 
- * <?  <?$,  „ 7 - Z&lffj)  t 


and  we  have  employed  a notation  for  the  symmetrical  part  of  a tensor,  ■*J 

&!)  - y-  >«v  ) . 

The  expression  for  (f  eC.  is 

S£  - J 7/^  ^ 7 - ^ 2'  //,  SX  -SHi. 

* ad  % S3  " + P <-v  ^ *v  y J">7  ^ f?33^<  %*■£■  fS?X) 

+ 4*H  (**U  sx-Jx ^ 7>7  ■ 

Hence,  on  apply!.',?  tm  prin-iolo  cf  ctnt.ior.ary  notion 


tc  coordinate  and 


field  variations,  separately,  wo  obtain 
and 


C2/) 


C1 7/'  - J7y„  ^ 7 - <=jL  ,)'7  f y f 

while  the  surface  terms  yield,  on  (J^  and  , the  infinitesimal  ganor- 

ator 

S’  [4 (Z4*  J*-  orX,^7i  y £v  J. 


■u- 


°\  * L ^-Tpis  c*f ; ^ 


The  operator  7/  »•  an  arbitrary,  invariant  function  of  the 

field  ^ . If  its  variation  ia  to  poaeoaa  the  form  (21) , with 

appearing  on  the  left  and  on  tha  right,  the' latter  must  possess  elementary 
operator  properties,  characterizing  the  class  of  variations  to  which  the 
action  principle  refers.  Thus,  we  should  be  able  to  displace  J i entirely 
to  the  left,  or  to  the  right,  in  the  structure  of  ///  , 

SU-  **(%% ) = (*#)<&> 

which  defines  tho  left  and  right  derivatives  of  jY  with  ruspact  tc  Z . 
In  view  of  tho  complete  symmetry  betvaen  left  and  right  in  the  process  of 
multiplication,  wo  infer  that  tho  expressions  with  on  the  left 

and  on  the  right  are,  in  fact,  identical.  The  field  equations,  therefore, 
possess  the  two  equivalent  forms 

a-  ^ c>u.  2-  -(4  K/jt)  j 

(*  KM  - t '4 

and  G • can  be  equivalently  written 

& ~ ^ ^ ^ cf/<,  7 

(**) 


In  keeping  with  the  restriction  of  th3  stationary  action  prin- 
ciple to  fixed  dynamical  systems,  the  external  source  has  not  been  altered. 


If  we  new  Introduce  an  infinitesimal  variation  of  j , and  extend  tho 

r /j 

argument  of  the  previous  paragraph  to  d ^ , we  obtain  the  two 

equivalent  expressions  for  tha  change  induced  in  U/-,  , 

4 k'a  = / ‘(dx)  Jfet  --  £ (d«)  % (tfje  . 

) <7z  -in  J 
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The  corresponding  modification  in  the  relation  between  states  on  Cf  and 
on  can  be  ascribed  to  the  individual  states  only  If  one  introduces 

a convention,  of  the  nature  of  a boundary  condition.  Thus,  we  nay  suppose 
that  the  state  on  ^ is  unaffected  by  varying  the  external  source  in 

the  region  between  and  CJ"  . In  this  "retarded"  description, 

^ ka  generates  the  infinitesimal  transformation  of  the  state  on 
. An  alternative,  "advanced"  description  corresponds  to  — 
generating  the  change  in  the  state  on  <7^  , with  a fixed  state  on  57  . 

These  are  Ju3t  the  simplest  of  possible  boundary  conditions. 

The  suitability  of  the  designations,  ratarded  and  advanced,  can 
be  seen  by  considering  the  matrix  of  an  operator  constructed  from  dynamical 
variables  on  some  surface  3~  , intermediate  between  and  £T  , 

<V«7//W/  r/'vj;= [('  tlsr'jJS  '(s'clWrrffrnte). 

An  infinitosinal  change  of  the  source  f produces  the  following  change  in 
the  matrix  element, 

«$  {f'o;/Ffy);S,\;)=. (SfrltyRr) * < c<y,rF(<r)i- 

= < 'XI (cl  F(r)  i-  i (Ffir)  Jr  U',a  y )l  i ) 

in  which  we  havs  allowed  for  the  possibility  that  h(r)  may  bo  ex- 

plicitly dependent  upon  the  source,  and  introduced  a notation  for  temporally 
ordered  products.  The  matrix  element  depends  upon  the  external  source  through 
the  operator  F (<T ) , and  the  eigenvectors  on  and  ^ . One 

thereby  gets  various  expressions  for  ) , depending  upon  the  boundary 

conditions  that  are  adopted.  Thus,  if  the  state  on  ^ is  prescribed, 
we  find 

C ^ F (<F)J^r  - / <(F(</)JfU/s.)^  -I  cf  @>) 


•16«* 


- ^ f=(<r)  + <[F(r) , 4 ^ 7J 

i 

vhloh  only  involves  changes  in  the  scurce  prior  to,  or  on  <T~  . The 

opposite  convention  yields  the  analogous  result 

<ff  h (&" ) 1 = <?L  F (<T ) + i ( b(r) cL  b/f  ) - i I-(tj  fly/ 

> -Wy  5 > r '• 

--  Jf  F(r)-,[F(r)> 


Note  that 


4 F(r)L  - - </' ^ 4 ^7 

The  operator  Q of  Eq.  (22)  oonaists  of  two  parts, 


& ~ &c%  + 


where 


~ SX^ 

Gjx  — '£^v  r ^ ^ ^ ^ <v-  t-  ^ w 


The  latter  form  of  % is  a ccpeoquence  of  the  restriction  to  plane 
^fM-like  surfaces,  limiting  dlspltJ^Hj^ts  to  infinitesimal  translations  and 


rotations. 


<f  *V  - £-5,  fT 


V v 


with  the-assoclatad  operators enargy*^nomantum  vector 


V 4v  , 


and  angular  momentum  tensor 


n 


A/ix  v 


The  operator  evidently  generates  the  infinitesimal 

transformation  of  an  eigenvector , produced  by  the  displacement  of  the  surface 


to  vhieh  it  refers.  With  the  notation 

fx  mVJf-.  fcv/v  ^i-fuv^vX^r*-)^ 

we  have 

f </v  ^rV; f -■=  Ws'rfp^  < 4 m W=  R r(s  '<r> 
and 

f •£*►  ^nsr)%^t  4,Wf)4v»J 

If  FO)  is  an  arbitrary  function  of  dynamical  variables  on  5r~  , and 

possibly  of  non-dynamical  parameters  dependant  on  <7~  , we  uso  the  notation 

if,  A(cr)  = (z*  dv  + a £—  <(*.!.  )PCr ) J 

<3X  F(r)  = (£„  4 - i ^ v ^ V ; ^ <V->, 


to  distinguish  between  the  total  change  on  displacement,  and  that  occasioned 
by  the  explicit  appearance  of  non-dynamical  parameters.  On  referring  to  Eq  (3) , 
we  see  that 

/v  F(<r)  = 4 AV)  /•  l[ F(c)i  /R  7, 

<5^,  v F(V)  - z-  *■  ^p(r\  J 

The  proper  interpretation  of  the  generating  operator  con 

be  obtained  by  noting  its  equivalence  with  an  appropriately  chosen  infinitesi- 
mal variation  of  the  external  source.  Consider  the  following  infinitesimal 
surface  distribution  on  the  negative  side  of  fT"  , 

- 40)  S%  jet*),  (*+) 

which  is  not  incompatible  with  the  operator  properties  of  these  variations. 
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We  have  assumed,  for  simplicity,  that  the  equation  of  the  aurfaoe  (T  la 
*(o)  - 0.  With  thla  choice, 

The  change  that  la  produced  in  *]£  can  be  deduced  from  the  variation  of 
the  field  equations, 

= ^ 4 4 2 - if  (4  *Z)z)=-  MS? 

Evidently  there  is  a discontinuity  in  ^ , on  crossing  the  surface 

distribution  cT ^ , which  is  given  by 

a d.Z]=  -Hf0)  <5  * • 

In  the  retarded  description,  say,  ^ is  zero  prior  to  the  source 
bearing  surface,  sc  th«*t  the  discontinuity  in  is  the  change  induced  in 

yfcS  on  (the  positive  side  of)  CT~  . Thus,  the  surface  variation  of 
the  external  source  simulates  the  transformation  generated  by 
which  ^ cn  is  replaced  by 

J =4  + ^ro  4 ^ 

= ^ - ■j  4o)  " 

The  matrix  ?4(q)  has  been  retained  in  this  statement  since  it  is 
a singular  matrix,  in  general.  The  number  of  components  of  that  appear 

independently  in  (25)  equals  the  rank  of  the  matrix  \4(c)  * and  this  is  the 

number  of  Independent  component  field  equations  th«*t  ere  equations  of  motion, 
in  that  they  contain  time-like  derivatives.  The  expression  of  (25)  in  terms 
of  the  generator  Qjy.  !• 

MutiTL-  (**) 
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The  factor  of  1/2  that  appears  in  this  result  stems  from  the  treatment  of 
all  components  °f  T'  on  the  same  footing;  we  have  net  divided  them 

into  two  sets  of  whioh  one  is  fixed  and  the  other  varied.  If  is  an 

arbitrary  funotion  of  on  , we  write 

tF,  t(SF)y  = cj- 4*,c)2ir- 

When  the  field  equations  that  are  equations  of  constraint  prove  sufficient  to 
express  all  components  of  % in  terms  of  , wo  can  extend  (26) 

into 

Of  course,  one  must  distinguish  between  these  variations,  in  which  only  the 
are  independent,  and  the  independent  variations  of  all 
components  of  ^ which  produce  the  equations  of  constraint  from  the 
action  principle. 

In  order  to  facilitate  the  oxplicit  construction  of  the  field 
coranutation  relations,  we  shall  introduce  a reducibility  hypothosls,  which  is 

t 

associated  with  the  Lorentz  invariant  process  of  separating  the  matrices 

X.  . /?  into  symmetrical  and  anti-symmetrical  parts.  We 

/*■ 

require  that  the  field  and  the  source  decompose  into  two  sets,  of  the  first 
kind  £ z.  <p  » r =.  ^ , and  of  the  second  kind,  ^ , 

as  a concomitant  of  the  decomposition 

e- 


4- 


(/) 

A* 

’(1) 


C'  - -Xl" 


&■>  = C3 


= ^ . /J'2;  = - # 


A) 
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The  matrices  cf  the  flret  kind  are  real  ) , and  three  of  the 

second  kind  are  imaginary.  Vo  shall  net  write  the  distinguishing  index  whon 
no  confusion  is  possible. 

According  to  this  reduolbility  hypothesis,  the  field  equations  in 
the  two  equivalent  forms 

2-  - ("4  ?//>*)-  (Si j 
~ 3 ^ ^ Tf/jy*)  - /?  ‘ 


separate  into  the  twe  sets 


a4*  ^ P =•  , (4#/&)=  (*%>), 


and 


- ^-y/c'^) - €*t ,( cei//dr)~ -( ^/Zr) 

Furthermore,  the  generator 
decomposes  into  * wh9re 

(Sja  = J d r do,  * P ~ fir  J JP'  P 


and 


g.  = fir  r4c,  sr-  fir(-*f*M  r.  (*7) 


These  results  reflect  the  form  assumed  by  the  Lagrange  function, 

sC  * i <P]  + y(9.  v) 


The  equivalence  between  left  and  right  derivatives  cf  the  arbi- 
trary function  y(  , with  respect  to  field  components  of  the  first  kind, 
and  tf  the  two  expressions  for  &<J<p , * shcWB  ^at  cT  conmutos 
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with  all  fields  at  the  sane  point.  It  is  compatible  with  the  field  equations 
to  extend  this  statement  to  fields  at  arbitrary  points, 

[tpM ,S <P  (k')J  - C¥'M/3P(x')J ~ O j 

provided  tho  source  components  are  inoluded, 

It  follows  from  (27)  that  the  relation  between  ^ and  cf  is  one 
of  anti-conmutativity.  The  opposite  signs  of  the  left  and  right  derivatives 
of  J-f  with  respect  to  (fS  is  then  accounted  for  by 
[ 0(a)  J <$  Hu’)]  ~ [ <f  Wx')]  ~ o, 

provided  only  that  ]j-(  is  an  even  function  of  the  variables  of  the 
second  kind.  The  inclusion  of  the  source  components 

[f  (a)JV'(x')]  * f^rM,  S9'(x')]-  ° 

ensures  compatibility  with  the  field  equations.  Va  have  now  obtained  the 
explicit  characterization  of  the  class  of  variations  to  which  our  fundamental 
postulate  refers. 


Let  us  also  notice  that 


and 


decomposes  into  cf*  ’ wh3re 

U'JL  - £*r(JA)<p&SS  ~ ^ ^ 

d'-v  k',A  - = fn  ( dx)(-  fij??)  V'  . 

' tji 

We  can  conclude  that  source  variations  have  the  same  operator  properties  as 
field  variations,  as  already  exploited  in  Eq  (24) . 

The  operator  properties  of 
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on  a given  (7~  can 


now  be  deduced  from  (26) , with  the  results 

CX,*i  t <*K  <P (*'>*!( c>3=  ^Ao>  Jr(*-*'K 

[>4(0)  l//(x')  Tirol  J - o,  (*-$) 

?(*),  *<*'>*(»  f=  (*-*•), 

in  which  Jr  (x-x'\  is  the  three-diaentional  delta  function  appropriate 
to  the  surface  (J~  . The  numerical  forms  of  these  consnutators  and  anti- 

comnutators  ensures  their  consistency  with  the  operator  properties  of 
6 j4(0)(p  and  ^ ^(O)  * T*le  variables  of  the  first  and 

second  kind  thus  describe  Bose-Elnstein  and  Fermi-Dirac  fields,  respectively, 
which  are  unified  in  the  general  field  ^ 

Since  the  rank  of  the  antisyrnr.etrical  matrix  ^fo)  *s 

necessarily  even,  there  are  an  even  number  of  independent  field  components 
of  the  first  kind.,  say  o2_'?7  One  con  always  arrange  the  matrix 

so  that  all  elements  are  sere  beyond  the  first  3.  /*)  ^ rows  and  columns. 

We  shall  denote  this  non-singular  sub-natrix  of  dimensionality  2 /> by^f  ^ 
, and  the  associated  independent  components  of  (p  by  , 

The  first  commutation  relation  of  ( 2 Z ) can  ^ben  be  written 

E j ft  **  *1-  L X A \c. ) 6r  (*-*'). 

The  matrix  f$(l * , associated  with  Ferai-Dirac  fields,  is  anti synsnetri sal 

and  non-singular.  Hence,  the  total  number  of  field  components  of  the  second 
kind  is  even.  If  wo  allow  for  the  possibility  that  7$^  may  be  singular, 
and  arrange  the  rows  and  columns  so  that  the  non-singular  sub-matrix 

'*(0) 

is  associated  with  the  independent  components  ^ * we  obtain 

\*(*),  *(*">X  - Li  4Z  7ru-x'j 

V As  Aa-  } 


vhieh  requires  that  the  roal,  symmetrical  matrix  »L  A,et  be  positive 
definite. 

We  shall  argue  th«t  the  number  of  Independent  field  components 

A n * 1*1 

of  the  second  kind,  the  dimensionality  of  /lioi  , must  be  even,  3*  71  . 

i.i  is  brought 

into  diagonal  form.  If  the  number  of  components  in  P is  odd,  the 

AaA 

product  cf  all  these  components  at  a given  point  commutes  with  P at  that 
point.  Thus,  as  far  as  the  algebra  of  operators  at  a given  point  is  concerned, 
this  product  is  a multiple  of  the  unit  operator  (the  necessary  commutativity 
with  at  other  points  on  can  always  be  achieved) , which 

contradicts  the  assumption  that  all  components  of  P are  independent. 

The  relation  between  invariance  under  time  reflection,  and  the 
connection  between  spin  an!  statistics,  may  be  note'*  here.  The  time  reflection 


transformation 

'X  * -X. 

1 


induces  a transformation  of  the  field 


'l  -■  L,  l 

such  that 

l,AL,  = , . z .A 

L,8L.  -B  . HlL.lt)- HID. 

However,  thia  preservation  of  th3  form  of  the  Lagrange  function 

l A*1 

ia  only  apparent,  for  fields  of  the  second  kind.  Since  (**  is  a 


•***'»**«** 


non-negative  matrix,  one  can  only  satisfy  the  first  equation  of  (29)  with  an 
imaginary  L.u  . which  produces  skew-Hermltian  field  components  £ • 

But  the  invariance  of  the  Lagrange  function  is  not  the  correct  criterion  for 
invariance  under  time  reflection.  The  reversal  of  the  time  sense  inverts 
the  order  of  ^ and  0“*.  , and  thus  introduces  a minus  sign  in  the 
action  integral,  which  can  only  be  compensated  by  chancing  tho  sign  of 
in  (4) . We  shall  describe  this  as  a transformation  from  the  algebra  of  the 
operators  to  the  complex  conjugate  algebra  of  operators  . 

Since  the  linear  transformation  designed  to  maintain  the  f^rm  of  ^ , 

^ 1 VO^Y'/has  effectively  replaced  <X  with  X * L ^ ' , 

the  criterion  for  invariance  reads  ¥ 

The  derivative  term  in  is  indeed  invariant  since  the  matrices 

,4) 

and  /»a*  are  real  and  imaginary,  respectively.  We  describe  this  by 
saying  th»t  the  theory  is  kinematically  invariant  under  time  reflection.  In 
order  that  it  be  dynamically  Invariant,  ~H  must  be  such  that 

f|(4,  i,  w*=  H(4'>  , 

Since  H is  an  oven  function  of  the  components  cf  ^ , the 

latter  are  tc  be  paired  with  the  aid  cf  imaginary  matrices,  characteristic 
of  the  variables  cf  the  second  kind.  The  source  term  is  invariant  if  source 
and  field  transform  in  the  same  way. 

Tho  correlation  between  spin  and  statistics  enters  on  observing 
that  an  imaginary  L M is  characteristic  of  half-integral  spin  fields. 
We  can  prove  this  by  remarking  that  all  the  transformation  properties  of  LH 
are  satisfied  by 


-25- 


non-negative  matrix , one  can  only  satisfy  the  first  equation  of  (29)  with  an 


(*» 


imaginary  L , which  produces  akew-Heraitian  field  componente  ^ 

But  the  invariance  of  the  Lagr*nge  function  is  not  the  correct  criterion  for 
invariance  under  time  reflection.  The  reversal  of  the  time  sense  inverts 
the  order  of  and  (T* ».  , and  thus  introduces  a minus  sign  in  the 

action  integral,  which  can  only  be  compensated  by  charring  tho  sign  of 
in  (4)  . We  shall  describe  this  as  a transformation  from  the  algebra  of  the 
operators  to  the  complex  conjugate  algebra  of  operators  , 

Since  the  linear  transformation  designed  to  maintain  the  form  of  ^ 

£ (^.  i V/,.)JJf'/has  effectively  replaced  £ with  <-T.  * » 't 

the  criterion  for  invariance  rends 


£(*,£* 


The  derivative  tern  in 

14) 

and  /i 


a 


, to 


is  indeed  invariant  since  the  matrices  n ^ 

A4  are  real  and  imaginary,  respectively.  Vo  describe  this  by 
saying  th"t  the  theory  is  kinematically  invariant  under  time  reflection.  In 
order  that  it  be  dynamically  invariant,  ~H  must  be  such  that 


H ( ♦>  * W*  = H ( 4"  > k4'* ) , 

Since  j~(  is  an  oven  function  of  the  components  cf  ^ , tho 

latter  are  to  be  paired  with  the  aid  cf  imaginary  matrices,  characteristic 
cf  the  variables  cf  the  second  kind.  The  source  term  is  invariant  if  source 
and  field  transform  in  the  same  way. 

The  correlation  between  spin  and  statistics  enters  on  observing 
that  an  imaginary  L M is  characteristic  of  half-integral  spin  fields. 
We  can  prove  this  by  remarking  that  all  tho  transformation  properties  of  LH 
are  satisfied  by 
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ncn-negativa  matrix,  one  can  only  satisfy  the  first  equation  of  (29)  with  an 


I 'i 

imaginary  • which  produces  skev-Hermitian  field  components 

But  the  invariance  of  the  Lagrange  function  is  not  the  correct  criterion  for 
invariance  under  time  reflection.  The  reversal  of  the  time  sense  inverts 
the  order  of  cr'  and  <T*.  , and  thus  introduces  a minus  sign  in  the 
action  integral,  which  can  only  be  compensated  by  changing  tho  sign  of 
in  (4)  . We  shall  describe  this  as  a transformation  from  the  algebra  of  the 
operators  to  the  complax  conjugate  algebra  of  operators  ^ . 

Since  the  linear  transformation  designed  to  maintain  the  form  of  ^ 

X (^,  1 ^.j^y/has  effectively  replaced  X with  X (?•  ^ ’ , 

the  criterion  for  invariance  rends  ¥ 


X 


is  indeed  invariant  since  the  matrices 


The  derivative  term  in 
w ) 

and  ft*.  are  real  and  imaginary,  respectively.  We  ^escribe  this  by 
saying  th^t  the  theory  is  kinematically  invariant  under  time  reflection.  In 
order  that  it  be  dynamically  invariant,  must  be  such  that 


i.  *)*  = H(*'>  , 

Since  j~l  is  p.n  oven  function  of  the  components  cf  V , tho 

latter  are  tc  be  paired  with  the  aid  cf  imaginary  matrices,  characteristic 
of  the  variables  cf  the  second  kind.  The  source  term  is  invariant  if  source 
and  field  transform  in  the  same  way. 

The  correlation  botveen  spin  and  statistics  enters  on  observing 
that  an  imaginary  L * is  characteristic  of  half-integral  spin  fields. 
We  can  prove  this  by  remarking  that  all  tho  transformation  properties  of  L. 
are  satisfied  by 
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L«  * t 


iri  S<y 


L.  « 


where  is  the  matrix  describing  the  reflection  of  th9  first  space 

axis.  The  latter  fora  is  a consequence  of 


L. . L t ~ ^1*4 

The  essontial  point  with  regard  to  the  ro«lity  of 
is  a real  matrix,  whence 


is  th»t 


r 


Now  5/t  mus't  possess  the  same  eigenvalues  as  S>i  say,  which  implies 
that  is  real  for  an  integral  spin  field,  and  imaginary  for  a half- 

integral spin  field.  The  requirement  of  time  reflection  invariance  thus 
restricts  fields  of  the  first  (B.E.)  and  second  (F.D.)  kind  to  integral  and 
half-integral  3pins,  respectively.  This  correlation  is  also  satisfactory  in 
that  it  identifies  the  double-valued,  h*>lf-intogrnl  spin  fields  with  fields 
of  the  second  kind,  of  which  £■  is  an  even  function. 

We  have  introduced  several  kinds  of  genirators  of  infinitesimal 
transformations.  A criterion  for  consistency  is  obtained  from  the  alterna- 
tive evaluations  of  the  commutator  of  two  such  generators, 

[G» , G,  ] * <■  (£Cs„  ^ If (3, \ | 

namely 

(<TG.  I * 6.  l ’ 0 

As  a first  example,  we  consider  tho  two  generators 

Gf,  z £ w fj  (* •)  * f X w (<r>) , 

and 

(j  • f B <ff 

<T!  ^ ' 
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in  the  retarded  description.  In  preparation  for  tho  test,  we  remark  that 


<r, 

P (tr.)  * pin)  * \j<»>  iMZv 

* * <U  bU 


and  that 


JL,  <*>  - 5 

. C "7..  * xv  +•  71  * * "P*  7 


Since 


T - T --  S,.£  - ) , 

»>*  v V u,  a v 


u>r  T (5r.40:6(^-^*iS")? 

‘ *!  -O^ 


In  the  absence  of  an  external  source 


T 

» '/K  IX 


is  symmetrical  end 


£J, 


divergenceless,  and  fy  > are  conserved.  For  simplicity,  we  sh"ll  confine 


our  verification  to  the  situation  of  nc  source, 
tesimal  <rf  is  distributed  in  the  region  between 


in  which  the  infini- 


CT  and 


<7j  . Hence 

C /jj-  \-  ~ ( (cJiJ  2VX  3 & ^ ‘ 

nd  (c,j  , (,  > .«)  )£6dF 

x,r.«rj  * ' i""  ‘"U 


« - V'" 

The  consistency  requirement 


en  demands  that 

-UD  + 


(}o) 
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which  is  indeed  true  in  virtue  of  the  equivalence  between  X ) , 

induced  by  the  displacement  , and.  X,tie>m  X( induced  by  the  coordinate 

transformation  ‘tM  . xM  ♦ 

Alternative  forms  cf  Pv  and  ✓ are  convenient  for  test- 
ing the  consistency  of  and  ([~7  . The  following  rela- 

**  6 \ 

tions  derived  from  (16)  , , ..  , j.  ( - C * n \ > t 

U,J u 

l j'  i - = * ' Cj‘“  A")  * , 

enable  us  to  writo  V a3 

T --  M hmK  W,  A»v  + p.,  , 


whore 


V 


P , -x  */£„  b A ^ ^ 

In  virtue  of  the  antisymmetry  of  A a u v»  in  the  first  two  indices, 
is  autcnnticnlly  divergenceless  and  dees  not  contribute  to  the 
energy-momentum  vector  F*v,  , 

p . f<L<ru[£cCy  - i A * 


but  does  enter  in 


^ V * (dcr%  i X f\>  l ~ xy^M  * A 5+y  ) X 

♦ i Kv  6.),  txs,  J//U  * 

+ { (J<r,  X/4  (V  CJ^  X y . 
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The  components  of  pv  in  a local  coordinate  system  era 

i?.,  -HfBl'tBfiJ,  ) 

D s l^<7~  ^ * ft.! i a J • 

while  those  of  are  .-j 

l,„,  - «...  -fa  l 

~~  TX  t tftto  ^tojUJ  ^ ) X I 

The  quantity  ^ w i3  closely  related  to  the  infinito3irr.l 
expression  of  the  scal«r  character  cf  H , 

k ( it  - < K-  ) - HlK)  --o 

Wo  can,  indeed,  conclude  that 

P = O 

if  H is  no  core  than  quadratic  in  the  components  of  various  independent 
fields.  We  shall  also  prove  this  without  tho  latter  restriction,  but,  for 
simplicity,  with  the  limitation  that  there  are  no  equations  of  constraint. 

The  commutation  relations  equivalent  to  (30)  , [X  ,K]  , 

[X  JT  J - ( '< ) ( *«  ^ ~ *>  * * S*  >> ) X ’ 


imply  that 


whore 


[x,  nm  J - 

are 
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This  enables  one  to  express  the  sealer  requirement  on  H in  the  fora 

L H , A',,] 

The  components  - , t 

Hf  - Ur'  (A(<)  ~ Xm;)  ‘ ? ^ 'W'/J  j 
f jd-r  l UnS'-tA'  i 

do  net  ir.vclvo  the  unknown  (^rt  , According  tc  cur  simplifying  assump- 

tion cf  no  constraint  equations,  tha  commutators  (anti-commutators)  cf  all 


field  compv'nants  at 


function  \ (t-x'j 


anc 


contain  tha  tha  throe-dimensional  delta 


, end  therefore  vanish  uhon  nultirliod  by 


X(>  j - X it)  i 

. Furthermore, 

r h < * > ■ 

-tic'  1 /1„.  r r 

H \ 

o'- ' 

and 

ha 

1 , HiX/J  = x ( '• 

A ) Cr 

*' « - ' ' 3 

from  which  wo  obtain 

In  I --  - ’ c 

With  this  informati  •'n,  th3  proof  is  easily  extended  to  all  ccmrcner.ts  cf 
\ .The  consistency  of  tha  generators  ^ ft  and 

S'  _ requires  that 


i 

x rt 


Ik  P *^.,11 1 *Ro  I'’  *1  4*-  * *■ 
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«y>*.  It » %•**-*>  »»  *»  s-^*>v  • « mtearutr#***  k • • 


[ 7 s C (far  — A^  3m  ♦ ^ v ) f,  1 A.,  <T,i 
cr  ck  ’ , 

c\  ' pr  -U  J *.**  • 

which  can  now  be  verified  from  the  expressions  (31)  and  (32),  with  (P,/*/ 


£ii£i£24  Elalla 

Oar  considerations  thus  far  specifically  oxcludo  the  electro- 
magnetic field  (and  the  gravitational  field).  Ve  introduce  the  concept  of 
charge  by  requiring  that  the  Lagrange  function  be  invariant  un^er  constant 
phase  (special  gouge)  transformations,  the  infinitesimal  version  of  which  is 

( --  (I  - * A C J / 

Hare  (f  A is  a ccnstant,  and  t la  *n  imaginary  matrix  which  can 

be  viewed  as  a rotation  matrix  referring  to  a space  other  than  the  f ur- 
dirnension"!  world.  The  invariance  requirement  ir.rlies  th«t 


c f - ft  b 

[Pc>  ‘ Ot 


r 1 _ I — 

[£.  n vj  - 

and  that 

A/  ( d - <•  C>  A 


l i 


S, . I --  o , 


f A ) - A('i/  *<■' 


Wo  now  write  the  general  variation  as 

<j  [jL)  * d ^ " 5 d AjS/.xi  ^ 

where  ^ , chnrnctariaing  a local  phase  trensfo  r.nation,  is  an  arbitrary 

function  of  / , consistent  with  ccnsta*t  values  on  O',  and  on  <TX 

The  additional  contribution  to  Stt)  thereby  produced  is 

- * ($bU-XBt  i)4*. 
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or 


<=i*  J (efcr  ( - Av  .}««♦-<  '->»  v )/,  X 4»» 


0 1 


,J  r v 


,xi  ^ . 


which  can  now  ba  verified  from  the  expressions  (31)  and  (32),  with  ,Uy 


?to.r£9Si  Fields 

Our  considerations  thus  far  specifically  exclude  the  electro- 
magnetic field  (and  the  gravitational  field)  . We  introduce  the  concept  of 
charge  by  requiring  that  the  Lagrange  function  be  invariant  un^or  constant 
phase  (special  gauge)  transformations,  the- infinitesimal  version  < f which  is 

{ -•  v i - ■'  a m 

Here  (D  A is  a constant,  and  (C  is  an  imaginary  matrix  which  can 
bo  viewed  as  a rotation  matrix  referring  tc  a space  other  than  the  f ur- 
dimansion°l  world.  The  invariance  requirement  ir.rlies  th«t 


l f*  pc  b 


\fir ) - DC 

and 

J r>-j" 

and  that 

H (/  c'A 


s, . I ■ 


O , 


£ A ) - rill/ 

Wo  a w write  the  general  variation  as 

(A  (/,  ) * d X *5  d x 

where  (d  / » characterising  a local  phase  transformation,  is  an  arbitrary 

function  of  / , consistent  with  ccnstaxt  vrluos  on  CT,  and  on  <J~ x 

The  additional  contribution  to  6U>  thereby  produced  is 

f (f b£/ -X&t 


-31- 


whsre 


i X 1 1 


l - - 

ia  the  charge-current  vector.  The  stationary  action  principlo  requires  that 

- -fisum- *6*5), 

an'i  yields  as  the  phase  transformation  generator 

(-J  = f ^ ~ O o>, 

Cl  A ''t3  y 

where  is  the  charge  operator. 

The  integral  statement  derived  from  (33), 

/ 07 

Qo~.)  -Q('rt'  = j ^ j (}££  ? " .v  ^ 


/ 


•VT 


becomes  the  conservation  of  charge  in  the  absence  of  an  oxter-nol  source.  If 
an  infinitesimal  source  is  introduced  in  th  e region  bounded  by  07  and 


<?! 


, we  then  have,  in  the  retarded  description, 

S.  0‘T.)  « - X ( (‘'V  d ’-ff'  t < 

/ 


/ rO'i'.;,  _ 


whence 

r, 


rj,o  j*t* 

This  commutation  relation  also  follows  "’irectly  from  the  significance  of 
indicating  the  consistency  of  the  latter  with 

is  an  element  of  the 
. It  follows 


algebra 


Wo  shall  suppose  that  the  matrix  ,jp 

b"> i 


that 


generated  by 
commutes  with  C 


and 


, «nd  therefore  that  the  latter  is  explic- 


itly Hermitian, 

f '=  f 
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Such  an  anti symmetrical,  imaginary  matrix  possesses  re«l  eigenvalues  which 
are  symmetrically  distributed  about  zaroj  non-vanishing  eigenvalues  occur  in 


oppositely  signed  pairs.  Since 


£ 


eocifiutos  with  all  membors  of  the 
above-mentioned  algebra,  the  charge-bearing  character  of  a given  field  depends 
upon  the  reductibility  of  this  algebra.  Thus,  if  the  algebra  for  a certain 
kind  of  field  is  irreducible,  the  only  matrix  commuting  with  all  aombors  cf 
the  algebra  is  the  symmetrical  unit  matrix.  Hence  £ *U  , and  the  field 
is  electrically  neutral.  If,  however,  the  matrix  algebra  is  reducible  to  two 
similar  algebras,  as  in 

A = / r'“  0 i 

w«  ( o - A J . 

the  matrix  £ exists  and  has  the  form  (with  the  s^me  partitioning) 

/ (•  - * , 
t ' * (.  •>) 

This  describes  a charged  field,  composed  of  particles  with  charges  , 

the  eigenvalues  cf  -f  . If  throe  similar  algebras  are  involved,  the 
field  contains  particles  with  charges  O,  - ^ . 

To  present  Z as  a diagonal  matrix,  we  must  forego  the  choice 
of  Herraitian  fiold  components.  Thus,  for  the  example  of  a charged  F,  D.  field, 
where  the  field  components  decompose  into  'ff.i  . V^,  • , t corresponding  to  the 

structures  (34)  and  (35)  , the  mutually  Hermiti’>n  crnjugnte  operators 

%,  -■  %.  -«  %,  , %,  ' %’  • 

are  associated  with  eigenvalues  ♦ and  - ^ , respectively.  On 

introducing  those  field  components,  the  deriv»tivo  term  in  the  Lagrange  func- 
tion, the  electric  current  vector,  and  the  commutation  relations,  respectively 
read 

I 

V 


f V;.,  /U , \ f(t)  ! * 1 1 ^ M-*  J , 


(36  ) 
i >? ) 
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"{/L  . t Z"'  A‘Xj  = 0 r JU> 

y ,,■)  f\,„  r r ,l,t lo,r,.l>U„^  i A.  J. 

£ /U  TT. . / - ■ 

<_>  y 6**'^ 

There  is  evident  symmetry  with  respect  tc  the  substitution  Ji*>  * 

Since  'Y-i  and  V£y  are  Harmitisn  conjugate  operators, 

wa  can  arbitrarily  select  eno  as  the  primary  nrn-Harmiti«n  field.  Vo  shall 


writo 


^t<  r ^ > 


%,  --  Y V ' 5 


- r 6 ' ^ 


This  yields  tho  following  forms  for  (36),  (37),  and  (3?)  , 

-HY  Z.iri^v j ‘ V 

e ,'rj. 

and  - . 

/ x , , VU'*  *u,  X = - 

p;.,  a,.,  rU  / i • 1 ; 

^ ^ ^ Yi « ; ¥ (*’J  j " ^ ^ 

To  express  tho  n-w  slightly  obscured  symmetry  between  positive  and  negative 
charge,  wo  call  V/-)  the  char?°  conjugate  field 

f=(-6'>y,  ,t/o; 

and  state  this  symmetry  as  invariance  under  the  substitution  V 4ri  Y , Q.  **-£, 
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Tha  matrices  ) u*o,  3 


oboy 


and 


l-  erMn. 

L « - 14  ^ e' 


since  they  are  purely  imaginary  matrices.  One  should  also  recall  that  £3 
is  an  antisyamotrical,  imaginary  matrix.  If  we  were  to  depart  from  theso 
special  structures  by  subjecting  all  matrices  tc  an  arbitrary  unitary  trans- 
formation, we  should  find  that  the  only  formal  changes  occur  in  (41)  and  (42), 
where  the  matrix  B appears  modified  by  an  orthogonal,  rathor  than 

a unitary  transformation.  Hence,  in  a general  representation  theso  o^u^tions 
read 

yV  C y . 

= -l"IC 


6* 


where  C still  exhibits  the  symmetry  of  f , npprcprieta  to  the  exanplo  of  a 
half-integral  field. 


r\ 


- o 


Tho  commutation  relations  (40)  are  in  the  canonical  form  which 
corresponds  to  tha  division  of  the  independent  field  components  into  two  sots, 
such  that  one  has  vanishing  anticommutatrrs  (commutators,  for  an  integral  spin 
field)  among  members  cf  the  s«no  set,  Tho  generator  cf  changes  in  Y 
and  'Y  Eq.  (27)  in  the  notation  of  the  charged  half-integral  spin 

field  example,  is 

r.  « i.  {Jr  (*'*..■■'?  ■■  .i  'f  ' : 

Hw  „v  ' ! ' 

which  can  bo  deducted  directly  from  the  Lagrange  function  derivative  term  (39) . 
Associated  with  the  freedom  cf  altering  the  Lagrange  function  by  tho  addition 
cf  a divergence,  are  various  expressions  for  generating  operators  of  changes 
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jjflt.JI m>'+****  *<■*»  «>  t|  3*0' ^ ■•  » •*»•  WWruHfv.m  V-V**."*  <pv  * l » .•«•« 


in  the  field  components.  Thus,  we  have  the  following  two  simple  possibilities 
for  the  derivative  tern  and  the  associated  generating  operator, 

-i[*L  .IH-W], 


. (cV  v d V' 


i'-  <y  y7  * V ' 

. _ •*-/<.  i da  6 f 

Evidently  O } ^ , for  example,  is  the  generator  cf  alter- 

ations in  the  crr.pcnants  f , with  no  change  in  Y y.  . The 
associated  corjrutation  relations, 

f o y r t j - r r y 

. a t ~ c W 1 ^ i . 


t v ) Le, . J = 0 . 

L : I . •/  t J 

are  satisfied  in  virtue  cf  (40) , and,  conversely,  in  crnjuncti' n with  the 
analogous  statements  f ' r , imply  those  operator  properties  of 

the  field  components.  The  connection  with  the  generator  in  the  symrr. etricol 
treatment  of  all  field  component s is  given  by 

r ^ ^ y J.  't'  ^ ' 

which  indicates  the  cririn  of  the  factor  (1/2)  in  the  general  Eq.  (26). 


E1214 


The  postulate  cf  general  gauge  invariance  motivates  the  introduc- 
tion of  the  electromagnetic  field.  If  all  fields  and  s urcos  are  subjected 
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to  the  general  gauge  transformation,  /- 

'X-  jt  - K t'*"" 

Tha  Lagrange  function  we  have  been  considering  altera  in  the  following  manner, 
Tha  addition  of  ths  electromagnetic  field  Lagrange  function, 

t,  --  X { 1 . A. } - 7 - -4  Hi ' i F»  * r;“  M 

{ rovidos  a comp  jn3.atinp  quantity  through  the  associated  gauge  transfo motion 

'F,  * H- ' 

Tha  term  involving  the  external  current  ^ is  effectively  gauge  invar- 

iant if 

7 - i 

since  the  modi fication  is  in  the  fora  of  a divergence.  In  tho  same  sense, 
there  is  no  objection  to  emrlcying  a form  of  tho  Lagrange  function  in  which 
tha  second  term  of  (43)  is  replaced  by  p t~  **  1 > //,.  1 


Wo  write  the  general  variation  of 


h 


m in  the  form 


d'dj  r.-  ,4,  - 4 

x4ff0  «r * - / d,  - x f*  ^ u ; 7 


which  ascribes  to  tho  same  transformation  properties  as  the  gradient  of 

a scalar,  thus  preserving  the  possibility  of  gauge  transformations  under  arbi- 
trary coordinate  deformations.  In  a similar  vny, 

(f(  F.J  --  f r„.  - ! -(->vcf<A  )Fm„. 

With  regard  to  tho  derivation  of  the  electromagnetic  field  equations  from  tho 
action  principle,  it  should  be  noted  that  goneral  gauge  invariance  requires 
that  the  sources  of  charged  fields  depond  implicitly  upon  the  vector  potential 
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O.  4 x 


must 


/~j  ^ .We  express  this  danon^ence  by 

<*,  i '*  1 ' (K'  ^ '*/  ‘i  *K>  ) $fJ  ( *)  * 

Since  the  infinitesimal  gauge  transformation,  cf  ^ * 

induce  the  change  v\  $ = -J  J f , we  learn  that 

' - eh*>  £<*-*'>■ 

One  obtains  the  following  field  equations  on  varyinp  F~/*  ^ and  /*?  v 
in  the  complete  Lagrange  function, 


(VC) 


5,  tM,  = 4*  ¥ *+  ’’J*  • ’’  \ 


( W i > 

ft  i) 


where 


is  the  contribution  to  the  total  current  vector  associated  with  charged  field 
sources.  We  derive  from  (45)  that 

Put  the  total  current  vector  is  divergencelass  in  consequence  of  the  electro- 
magnetic field  equations.  Therefore 

X},  f(f6f l-kbil) 

which  is  in  agreement  with  (33). 

Aftor  removing  the  terns  in  6%  ) thr t contribute  t"  the  field 

equations,  we  are  left  with 

(f  1 1 w j = k\  o v,  -X  r i {£>  ° 4 i * ;i' 

- j ( /m  * *v * ^ ( i i ;l. , hv } - j { £ » . ^ 

- JM  f\Vt 
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in  which 


£ -- -;<rz^£  r 

This  term  alters  the  field  equations  of  charged  fields, 

'-k{Z,  flu  /« £)  = ('^/)  - f G . 

commute  with  ^ . 


Ve  have  anticipated  that  not  all  components  of  f-i 


The  tensor 


is  nov  obtained  as 


where  stands  for  (20).  but  with^  -f  the  complete  Lagrange 

■ • ■ jc 

function.  The  action  principle  suprlios  the  differential  oquation 

P v ~ + <1  f g*')  + ^ £ . r 

The  divergence  term  in  (4?)  yields  the  infinitesimal  generator 

-- <51 V ^ --fa’  £»>(*><* fr'j 

while  the  Lagrange  function  with  the  derivative  terms  (44)  vruld  fivo 

Crif  =fi<£  /?v  -fir  f?(A)  ■ (T*) 

The  change  in  the  action  integral  produced  by  a variation  of  the 
external  current  ^Jls  given  by 

cT  U/  = f (dx)Jp.  P^. 

r T /aL 

If  J J has  the  explicitly  divergencoless  form 

ziM>  = , (ty 

<T~  we  find  that 

*»  J 


where  £ M/av  vani3^08  on  QJ 


and 
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which  makes  it  unnecessary  tc  introduce  an  external  scurce  that  is  directly 
coupled  to  the  field  strength  tenser  u , 

(*\ 

The  special  nature  of  the  electromagnetic  fieldw,is  apparent  in 

(3)  Papers  doaling  with  the  situation  peculiar  to  the  electromagnetic  field 
are  legion.  Of  the  olda**  literature,  the  closest  in  spirit  to  our  procedure 
is  that  of  V.  Pauli,  Hand.  der  Phys.,  Vcl.  24  (Edwards  Brothers,  1943). 

the  form  of  the  operator  (53)  generating  changes  in  the  local  electric  field 
components.  Since  one  of  the  field  equations  is  the  equation  of  constraint 

*(A)  + ¥ (*+> 

the  three  variations  J p.  cannot  bo  arbitrarily  assigned;  the  electro- 

,'oj(  -k) 

magnetic  field  and  charged  fiolds  are  n't  kinematically  independent.  This 

is  evidently  an  aspect  of  the  gauge  irvnriance  that  links  the  two  typos  of 

fiolds.  Alternatively,  we  see  from  (51)  th't  /~7^0^  is  B dynamical 

variable  subject  to  independent  variations.  But  there  is  no  field  equation 

that  expresses  /n  o)  ln  taras  independent  dynamical  variables, 

in  virtue  of  the  arti tr'rinass  * ssociated  with  the  existence  of  gauge  tmns- 

a.  i /Q.r',rt.T  tan  ->r  *>,  m Tf*  ■for'*'  jf  a.  ora  •*<  the*?  OJ  U, 

formation,  fields  a generating  oreral'r  which,  in  consequence  of  (54),  no.  jauj* 

• ' Tru  ns - 

longer  contains  oloctromr.gnotic  field  dynamical  variables.  Thus,  in  either1 

.ahion, 

form,  (51)  or  (52),  there  aro  only  two  kinematically  independent  variations 
of  the  electromagnetic  field  quantities. 

Wo  now  apply  these  generators  to  deduco  commutation  properties 
for  the  gauge  invariant  field  strength  components.  According  to  the  effect 
cf  a variation  c -■ ^ upon  the  local  components  of  v ^ 

we  have 

rr  c . i - 


-40- 


[F(4h  P)  ,^o  n 1 ' ' ' 4 ft ) 0 ,qw  ‘ 4*;  \ 


whence 


and 


(srs) 


In  using  r,  , we  must  res 

C Jf 


(S(p) 


(x)j  ^<o)(~  ) ( * ')]  5 '/ 4*  >^)  <=?»  “ 

»•“  -strict  the  electric  fiold  variation  according 


-*) 


to 


J J /"  £ 


which  is  identically  satisfied  on  writing 


it. 


) _ 

W*j  ' 5//*’ 

This  yields  the  form 

&6P  ” i ^ ^.XjP)  ■ 

Tho  expression  of  changes  induced  by  ‘ P 

f Km 


[^ <>>(%)  , 7 - / t h(0 


r h 

■■■'"■  ' w ' , 
then  provides  the  commutation  properties 


,^**)(~)  (*  ) ~°j 


(57) 


^°x*)  ^ j F{f)(^)  (*  )1  - '( 3(^0) <\^%)  - J j ) ,*  , 

where  the  latter  is  equivalent  to  (56),  />"'  ^ °T  * ' t 

An  alternative  derivation  employs  an  infinitesimal  change  in  the 
external  source,  distributed  on  (the  negative  side  of)  <J""  , X(c)  - O , 

C V r J/VM 


O ' y y v 


<T  (x  ) 

(Of  j 
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for  which  the  associated  generator  is 

‘ ft r L%.  (h)(9)  ^){P)  ~ o(&)  ;„,*J 

The  alternation  product  in  the  field  components  follows  from  tho  field  equation 
(47) , end  the  form  <*f  (46)  given  by 


h 


h 

A/j. 


4 


£v 


- <2 


Thus, 


4«y  ( ^(o)(9)  & ^(oW))  - - $4)  fff  j(p)  * 4a  ; 

4^  &)((>)  - d(o)(^}  - 4*u  ^ , 

which  yields  tho  following  discrntinuiti as  in  J/^  v crossing  the  surface 

] ~ *>(4)  ^™\4)(V)  ' 


a 


r 


(*)U) 


cf 


(9> 


^(0)f4t)  ~ ^(4)  */yy' 


(o'.O) 


In  the  retarded  description,  thaso  discontinuities  are  the  actual  changes  in 
the  field  ccnpcnants  on  J“*  . On  referring  to  tho  general  formula  (23)  , we 


obtain 


= , [f 


cV<%>  ^ 'y*''  1 L 1 ^ ■ 


Jr m J/yy>(0)(&,-  r)tH!v/,y‘ 


(0)(Jt)  ^ ,(V)  , -.j/vv,  J 


In  view  of  tho  arbitrary  values  cf  on  » these  equations  imply 

field  strength  commutation  relations,  which  are  identical  with  (55)  and  (57). 

We  give  a related  procedure  which  also  illustrates  tho  possibility 
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of  evaluating  commutators  of  field  quantities  at  points  in  time-like  relation. 
The  two  field  equations  (47)  and  (50)  can  be  combined  into  (wo  incorporate 

with  J ) . 

F/4V 

A change  in  the  external  current,  of  the  form  (53),  yields 

-8ac„/>,  -dM<Th^  + 

wharo,  in  the  retarded  description, 


ft  u>  -/fr,  «>,  f ^<<7j 

Vfl  'M  * L J'  v 1 *3\  _ 

l 13  the  discontinuous  function 


(a  ) I 


>j  (X  'XV  =/  , X, 
li 

ZO  , X„ 

Wo  have  a similar  expression  for  4 J. . fn  comrarinp  the  co- 
efficients of  in  (59)  (cur  two  treatments  employing  external 

sources  are  thus  distinguished  by  surface  an*4  volume  distributions  cf  SH„ 
respectively),  wo  find  r 7 

~ (cTv  A 4*  “ dyK  4.  - OyA  )v  ^ ^ C)v  ^ ^ X ^ 

The  value  of  x-  ^ ^ ^ for  equal  times  is  then  obtained  from  the 

coefficient  of  the  differentiated  delta  function  of  the  tine  coordinate,  with 
the  anticipated  result. 
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In  the  approximation  that  neplacts  the  dynamical  relation  between 
currents  and  fields  at  prints  in  time-like  relation,  the  differential  equation 
(60)  has  the  solution.  */t  (*'  * ^ C ^ v 

- (JuA^dK  -dWK4-^A  - D vjt1*'*')  i 

where  D**/^"*  ^ is  the  familiar  retarded  solution  of 

' ^ CL, 


Had  we  employed  the  advanced  description,  ^ j ^ would  be  replacod  by 

- >j  , whara 

r | . Ko<-  *< • , 

and  the  advancod  solution  of  (61)  would  appear.  Subtracting  these  two  results, 
wa  find  x 

S-if*'/*',  J r ^vh  4 Jv  J,  *<£„ 

in  which  ]](*'>’)  is  the  hcm'-panoous  solution  of  (61)  provided  by 

D r \)^,A  ~ 

Tho  kinamatical  relation  between  the  electromagnetic  field  ar.d 
charred  fields,  on  a piven  CT"  , is  most  clearly  indicated  in  a special 
choice  of  geupe,  the  so-called  radiation  paupe, 


fa>h)  " ^ 


(t  •; 


With  this  choicj,  the  constraint  equation  for  the  electric  field  reads 

cW  j i 0>l*'  " ~ ^fo)  + Un ■>  / 
so  that  tho  scalar  potential  is  completely  determined  by  the  chnrpo  density, 

/LI*'  = ( <i<r-  ,r!), 

'yj 

<5j  u-  y)  - 


where 
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Evidently,  < iio>  dean  not  commute  with  the  components  of  chnrpod  fiolds. 
In  this  gauge,  thon,  the  dependence  of  the  eloctric  field  upon  tho  charged 
fiolds  is  mads  explicit  through  thj  decomposition  of  tho  electric  fiald  into 
transverse  and  longitudinal  parts, 

z -<3.o  A*  I 

r (rj  F 

- l ichk,  + ■ 


Tho  inference  that  the  transverse  fields  are  the  independent 
dynamical  variables  of  tho  electromagnetic  field  in  this  gauge  is  confirmed 
on  examinin'7  th  j oenorat.  rs  G0„  and  (_ 3 - h-  . Indeed, 

Cj  * - J c(t  h',;h)0  H(A;  = ~ j (■/  r F.  <iA)  d ft  tK>  , 


and 


r •;  c/t  d'  r~  - - . a i I a:  J ^ ~ ^ A ' 1 


I 


in  view  of  the  transverse  nature  "f  ftl/h.)  * Eq.  (62),  Vo  can  now 
derive  the  co.mnutf'ti  n -ro-.erties  of  these  dynamical  variables  from 

jy/,4 , ; j " A 7 ^iai  * C Flelli,  , £<//»  J -o  , 

[f,:l  .oif]-dCZ,  =o , 

on  taking  into  account  the  restrictions 

„ - <r; 


produced  hy  the  transverse  nature  rf  those  quantities.  The  Lagrange  multi- 
plier device  permits  us  to  deduce  that 

/ [a.. * <W'  of ' ,D"' x,t'’ 
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The  divergenceless  eheraeter  of  the  transverse  electric  fi«ld  supilios  the 
inform  tl  on 

- 4*;  °r  , 


y J a 


<■?) 


whence 


r\ 


“ " *?•$)  ^7-  “X  ^ 


’ (p*  > —7 

The  re suiting  commutator 

fn  - . 7-  r) 


. (a)  ( vx'/'  - 0(^,{St  £ 6c-x  ')  _ cKA  j'  -d 

'•  ^ t It)  ( V)  " . 

“ *V  (*-  X ')) 

is  also  consistent  with  tha  transverse  nature  of  ^ . The  remaining 

commutation  relations  are 

fR,.  Cx)  R,  A*')l-  [ ■ . ,-(T) 

We  shall  use  the  device  of  the  external  current  to  derive  the 
commutation  relations  betvoen  tha  electromagnetic  field  tansor  and  tha  dis- 


placement generators  T~  • According  to  (49)  and  (50), 

V J ju  v 
i~)  • * ' - ~ — 


f v r«r ; - /?  ^ > - Sr7r(<jx)[  - t-  ra  7;  J, 
^ f-5>  i=  if.  ^ ■ 04 -x 

which  wo  have  indicated  only  the  terns  containing  the  extarnal 


a 

- LI  • • f/A  (X^  + 

in  which  wo  have  indicated  only  the  terns  containing  the  extarnal  durront, 
Wa  consider  an  infinitesimal  change  in  the  latter  possessing  the  form  (53) . 


In  tha  retarded  dascripticn,  the  resulting  changes  of  and 


7 


on  u~ 


are 


•t-  ~ JY1X  f=  1 

When  expressed  in  tenna  of  the  generator  7'^  -* 


r-'^w^i"1 


6^ " f. 


T\ 


(dt)  7 c *! > I FT 


A K 


thj  following  ccratutatcrs  ere  enenurtured , 


4 Tn.  ?.  7«j,.r, 
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"1  V , — . j~ 

i i f\  k 1 | - ( *4.  \ V*  ^ < Jl  K ^ > » <~ 

/*  (_'  x A .V-'m  V J 


4. * r 
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v A 

<i)  t"’ 

incl 
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.■  I K'  troir.'igr.atic  ’'-eld , in  thu  radiation  gauge,  la 

P - ! It  [jl  i :*:)  + i l '!•>)■*■  ti  ~ 'Ji  A.*.)(j,At  A r 

_ T /’  ffi-j...  ‘a.M.,  - HIS*"  b5/-? 

' /*•  1 


and 


D - \,lT  [r  4 ^.h/-  , f /a  7«v}  ' - *’  ^ J 

•i  A./  1 


In  arriving  at  thu  oxrrersicn  fcr  ~R i»)  , thu  ncn-crni  utativity  cf  /"/••> 
with  X must  b3  taken  into  cr  nsldo~«tion,  but  -rc’ucjs  no  actual 


contribution.  k variation  cf  each  cf  tho  ir.deran-'ar.t  fiel’s  yields 

- :r>  ' * f r-T>  ' i 2 Aur4*  * 


Jfl  Ur  [ cT r,m*,  ^P\  IK)  ” S f~~\ f*J  ’ 


I w 


which  confirms  the  c^r.sistoncy  cf  the  trnnbl  atir,;  svrer-'tor  with  th^  rriu: 
field  variation  gmarators. 


